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Procedures are developed for expressing two-dimensional Fourier transforms in terms of tabu- 
lated one-dimensional transforms. 



In the theoretical solution recently obtained for 
stationary spatial-coherence functions over radiating 
apertures, [1] ^ the evaluation of the two-dimensional 
Fourier integral of the far-field intensity distribution 
is required. Since the appearance of such integrals 
is also quite common in other areas of mathematical 
physics, it would be useful to render their evaluation 
amenable to the appUcation of extensively tabulated 
results available in the hterature. (For examples of 
such sources see [2], [4], [5], and [6].) For functions 
of one variable, comprehensive tables of Fourier trans- 
forms exist [2], and although it is possible to reduce 
the k dimensional Fourier transform of radial func- 
tions ^ [3] to Hankel transforms [3, p. 69J for which 
extensive tables [5] are available, there are no tables 
giving the Fourier transform for A; > 1 of arbitrary 
functions (i.e., nonradial) even in the case of k = 2. 
In this paper, the two-dimensional Fourier transform 
is reduced to a form which facilitates its evaluation 
by the use of existing tables [4, 5] and also yields a 
result which is an extension of that given in Bochner 
and Chandrasekharan [3], for the case k = 2, to func- 
tions which are not necessarily radial. It will be 
shown that if g{a, /3) is the two-dimensional Fourier 
transform of fix, y), i.e., 

oc 

gia, t^)=\\ fix, y)e^^'''^^^y^dxdy (1) 

— oc 

then, if /is sufficiently well behaved, it is possible to 
express ^a, j8) in the following form: 



y^here 



g(a, P) = ^an{a, P)/n {An; Va^W'} 



(2) 
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^/(xi, X2, . . . , Xk) is a radial function if it can be written in the form 

J{xu X2, . . . , a;a) = F(Vx2 + x2 + . . .+xl) 

where F{i) is defined for all t ^ 0. 



/ ,;, {g; z} = Vztg{t)Jm(zt)dt; 
Jo 



(3) 



An are certain functions associated with fix, y), and 
an(oi, f3) are functions independent of /. It may be 
noted that / m {g; z} is the Hankel transform of order 
m of g{t). 

The derivation of (2) proceeds by rewriting (1) in the 
form 

g(a, 13)= \ \^ fir, 6) e*'^«^ ^«^ ^ + ^'* «^" ^^ rdrdO. (4) 

Assuming that fir, 6) can be represented by the fol- 
lowing Fourier series 



where 



Ar,6)= 2 fn{r)e-*"', 



1 r^'^ 

/n(r) = ^J^ J{r,6)ei-ode, 



(5) 



and that the interchange of summation and integra- 
tion is vaUd, (4) can be written as 

g(a, )8) = Y fn{r)rdr e^i-ne+ar cos e+^r sin 6) d0^ 

n^^J^ Jo ^^. 

However, using the well-known integral representation 
for Jn{z), the Bessel function of order n [6, p. 14, eq 
(2)], it can be shown that 



/: 



^H-nB+ar cos O+fir sin 6) J^Q — 27re^^ tan"^ (a//3) 



MVa^ + 13^ r). (7) 



173 



r 

(9) 



Thus, using (7), g(a, j8) can be written 

(8) 
Observing that 

y_„W=(-i)''AW 

and, / being real 

f-n{r)=n{r) 
(8) can be written, (after some simplification) 
g(a, iS) = 77 f €„ f" [C„ + (- 1)« C*] A{Va2 + i82 r)^;; 

where 

and 

_fl, n = 
^"~l2, re>0. 

This estabhshes the result (2) where 

an(a,^) = 77 enla^ + ySr*'" (10) 

and 

An=Vr\_Cn + {-lTCl-\. (11) 

For functions of the form 

fir, d) = F(r) {^^ J, m an integer, (12) 

the right-hand side of (9) reduces to the single term 

77e,„(t)" 



g(«,)8) = 



-(^24. ^2)1/4 



J 



AV^Fir); 



fcos [m(77/2 - tan- Ha/)8))] 1 
V^F+^} m = 0,l,2, . . . 

[sin [/n(77/2-tan-i(a/)8))]J 
m^ 1, 2, 3, . . . . 

By setting m = in (13), one obtains 



(13) 



which shows that, for f[r, 6) = F(r), g(a, 13) is a radial 
function. This special case of (13) yields the relation 
between a radial function and its Fourier transform 
which is given in [3, p. 69]. 

Finally, due to the relation [5, p. 3] 



^{t'l'"-'!* AAM2tm ; 4 



'^{f 



I2u-ll2 



A{2tyi'l s-n 



between Hankel and Laplace transforms, the exten- 
sive tables of Laplace and inverse Laplace transforms 
[4] can be used to evaluate Hankel transforms. Hankel 
transforms may also be obtained by methods given in 
[4, 5]. These observations make the results given here 
quite comprehensive in their application. 



The authors would like to acknowledge the assist- 
ance of T. C. Ku of this laboratory during the develop- 
ment of the material reported here. 

Added Note Concerning Bochner's Theorem 
on Radial Functions 

A paper has recently been published by C. BoUini 
et al., (Journal of Mathematical Physics, Vol. 6, p. 
165, 1965) in which Bochner's result for A: = 4 has been 
generalized to include "casual distributions," that is 
they show that if if/ (yi, 72, ys, yd is a causal radial 
distribution and / (^1, ^2, ^3, ^4) is its 4-dimensional 
Fourier transform, then / is a radial function. In 
particular, 

47t2 r^ 

Hqu ^2, g3, ^4) ^I{q') = — m')Ji(qR)R'dR 

IQ Jo 



where: 



q'=[ql + ql^ql^ql]. 



g{a, IB) = 27T{a^-\-pT'lUjV^F{r); V^^Tp^} (U) 
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